We study an infinite assembly of integrate and fire oscillators with global coupling. Numerical simulations reveal that the time required for the mutual synchrony of all the oscillators exhibits singular behavior as a function of the interaction strength. The origin of this anomalous synchronization is elucidated by a theoretical analysis. §1. Introduction Synchronization is one of the most fascinating nonlinear phenomena far from equilibrium. 1) It appears in various fields, such as oscillating chemical reactions, 2) active kinetics of allosteric enzymes 3), 4) and the flashing of fireflies. 5), 6) There are basically two ways of modeling rhythmic synchronization. One is the description of nonlinear oscillators in terms of the phase variables. Since the pioneering work of Kuramoto 7) (and Winfree 8) ) there have been many investigations of the dynamics of phase-coupled oscillators with distributed intrinsic frequencies. (See Ref. 9) and the earlier references cited therein.)
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The second way of modeling such synchronization consists of a description in terms of pulse-coupled oscillators. In this model, each element has an activity level that increases in time. When the activity exceeds a certain threshold, it fires, and the activity is reset to zero. An impulse is transmitted due to the firing and it thereby affects the activity level of other elements. Peskin 10) was the first to investigate pulse-coupled (integrate-and-fire) oscillators. He studied the mutual synchronization of a population of identical pulse-coupled oscillators. Mirollo and Strogatz 11) have studied synchronization of pulse-coupled oscillators, generalizing Peskin's model, and have proved that an assembly consisting of a finite number of oscillators becomes synchronized for almost all initial conditions within a finite time. Their results have been verified by experiments using artificial oscillators composed by electronic circuits. 12) There have been further related developments recently. 13)- 17) In the present paper, we study mutual synchronization of integrate-and-fire oscillators with global coupling. We assume that all the oscillators are identical and that the dynamics do not contain any stochasticity. We are mainly concerned with the time required for mutual synchronization in the asymptotic limit of a large population. Although integrate-and-fire oscillators have been investigated for many years, to the authors' knowledge, the behavior of this time before synchronization starting from random initial conditions has not been studied systematically. We show that the time as a function of the coupling strength exhibits anomalous behavior such that the duration time becomes discontinuous and indefinitely large in the vicinity of some special values of the interaction strength.
The organization of the present paper is as follows. In §2, we describe the model equation and the method of the numerical simulations in the cases of both a finite number of oscillators and an infinite number of oscillators. One of the features that we have found for pulse-coupled oscillators with global coupling is that when we start with initial conditions consisting of uniformly distributed phase variables, the oscillators split immediately into a finite number of clusters. The results of numerical simulations indicate that the time before synchronization becomes singular as a function of the coupling strength as the number of oscillators is increased. In §3, we clarify the origin of this anomalous phenomenon. A summary and discussion are given in §4. §2.
Model and numerical simulations
Here we consider a set of integrate-and-fire oscillators represented by the state variables x i , which evolve according to equations 10) 1 τ
where S is a constant satisfying S > 1 and
This multiplicative factor is introduced to normalize the time variable φ such that x i becomes unity at φ = 1, starting with x i = 0 at φ = 0. Because φ is confined to the interval 0 < φ < 1, we, hereafter, call φ the phase. When x i exceeds unity, the ith oscillator fires, and x i is reset to 0. Interactions between oscillators are introduced as follows. When the ith oscillator fires, a small amount is added to the state variable x j of all other oscillators j ( = i). In this sense, there is a global coupling among the oscillators. If x j + > 1, this oscillator fires so that these two have the same state variable 0. Thus, we have,
where φ + means the phase just after firing of the ith oscillator. We assume that this resetting occurs instantaneously. Even when a finite number of oscillators fire simultaneously, the quantity is added to the state variable of the other oscillators.
We use the strength normalized in this way.
Hereafter, we present the results of our numerical simulations of (1). In the simulations, we set S = 1.2 and vary the interaction strength in the range 0 < < 1. We employ the following numerical method, which is more precise and efficient than the ordinary Euler method for Eq. (1). First, we introduce the map for 0 < φ < 1
which is equivalent to the solution of Eq. (1) with the initial condition x i (0) = 0. The initial phase φ i (i = 1, · · · , N ) of the ith oscillator is given by a random number uniformly distributed between 0 and 1. Suppose that the phase of the jth oscillator is largest, with φ j = Φ. Just after its firing, the phase of the ith oscillator is shifted as φ i → φ i , where
Because the state variable follows the map (4), the phase just after the firing of the jth oscillator is given by φ
where g(x) is the inverse function of f (x):
The functions (4) and (7) are plotted in Fig. 1 . If φ
Considering the repeated application of this procedure, it is readily understood that the number of oscillators having the same phase will increase in time. The results of the numerical simulations in the cases that the total number of oscillators is N = 100, N = 1000 and N = 10000 are displayed in Fig. 2 . It is seen that there is a tendency for the time before synchronization to increase as the coupling strength is decreased. However, the curve is not smooth but, rather, possesses a characteristic fine structure such that the time before synchronization takes a large value with a discontinuous jump in the vicinity of some special values of . Figure 3 displays the time before synchronization for 0.35 < < 0.5. It is evident that the fine structure becomes clearer as the number of oscillators increases. In fact, an anomalously large time is necessary near = 0.44, 0.31, 0.24, and so forth, as seen in Fig. 2(c) . This phenomenon was not found in the simulations of Mirollo and Strogatz, 11) because the number of oscillators in their simulations was 100, as in Fig. 2(a) .
We explore this anomalous phenomenon in an infinite assembly of oscillators. We assume that the initial phases of the oscillators were broadly distributed between 0 and 1. We found the following characteristic feature of the present dynamics, described by Eq. (1) with the coupling (3). Because there are infinitely many (7) is an increasing function, the phase is ordered, i.e., 0 = φ 0 < φ 1 < · · · < φ M −1 . Because the clusters never split into smaller clusters in the present model, we can apply to the clusters the same numerical procedure as for a finite number of oscillators. In this section, we clarify the origin of the anomalous synchronization exhibited by an infinite population of oscillators. First, we note from Fig. 5 that no singularity appears for 1/2 < < 1. In order to understand this, we apply the results of Mirollo and Strogatz 11) for two coupled oscillators. Suppose that the first oscillator is at φ 0 = 0 and the second is at φ 1 = φ. They introduced two maps. One is the firing map defined by
This represents the phase difference after the firing of the second oscillator. The other is the return map defined by
The return map represents the phase difference of the two oscillators after two successive firings. These maps are displayed in Figs. 7 and 8, respectively. It is seen that there exists an unstable fixed point. Thus, if the initial phase difference is not equal to this fixed point value, the two oscillators will necessarily synchronize within a finite time. If the initial phase difference is smaller than 1 − g(1 − ), synchronization occurs at the first firing. It is noted that the fixed point for the return map is the same as that of the firing map, 11) h(φ
As mentioned in the preceding section, the infinite number of oscillators come to form a finite number of clusters. For 1/2 < < 1, there are two clusters, with one at φ 0 = 0 and the other is at φ 1 = g( ) initially. We verify that φ * = g( ) as follows. Note from Eq. (8) that Eq. (10) is equivalent to
Because f (1 − φ * ) > 0 for 0 < φ * < 1, we have f (φ * ) > , and hence φ * > g( ) = φ 1 . In this way, we prove that the two clusters always synchronize and that the infinite number of oscillators with a broad initial distribution of phases synchronize within a finite time for 1/2 < < 1. It is noted that the fixed point equation (11) is not restricted to the interval 1/2 < < 1 but, rather, is valid in the situation that there are two clusters. The fixed point value φ * as a function of is plotted by the dashed curve in Fig. 9 .
Next, we consider the case of three clusters with phases φ 0 = 0, φ 1 = g( ) and φ 2 = g (2 ) . This occurs for 1/3 < < 1/2. Leading up to synchronization of three clusters, there are two processes: (1) that in which three clusters become two, and (2) that in which the two clusters become one, so that the system is synchronized. Two clusters with the initial phases g( ) and g(2 ) merge with each other if the following condition holds
This can be written as
We have verified analytically that the inequality (13) is satisfied for the inverse map (7) . At the instant that these two clusters merge each other, the phase of the remaining cluster is given by
The dependence of this phase is plotted by the solid line in Fig. 9 . This line crosses the dashed line at the fixed point, whose value is given by Eq. (11) . In order to evaluate the fixed point value, we set φ = φ * . Substituting Eq. (14) into the rhs of Eq. (11), we have (2 )), and hence φ = g (2 ) . Using Eq. (14) again, we obtain the condition for :
Solving this numerically, we obtain = 0.4417, which agrees with the result obtained by simulations, ≈ 0.44. A similar analysis can be carried out for 1/4 < < 1/3, although more manipulation are involved. The critical value of for anomalous synchronization is given by
This yields = 0.3116, which is also in accord with the results of simulations, ≈ 0.31. The discontinuous structure of the duration time as a function of is not difficult to understand. As shown in Fig. 7 , slightly different initial conditions result in the substantial differences for the time before synchronization. When the oscillators are clustered, the initial phase of each cluster depends on , so that this time exhibits a discontinuous jump in the vicinity of the unstable fixed point of the firing map. §4. Summary and discussion
In the present paper, we have studied the synchronization of pulse-coupled oscillators. In this system, all the oscillators are identical, and they are coupled globally. We have found that the time before synchronization exhibits anomalous behavior and becomes infinitely large for special values of the coupling strength. This is the case for an infinite number of oscillators, as long as the initial phases are broadly distributed. This result does not contradict that obtained by Mirollo and Strogatz, 11) where they showed that synchronization is realized within a finite time for a finite number of oscillators, beginning from almost any initial conditions. The present result is structurally stable in the following sense. First of all, it does not depend on the specific form of the time evolution equation (1) and the map function (4). The result is unaltered as long as the function satisfies the condition f (φ) > 0 and f (φ) > 0 for 0 < φ < 1. Second, the conclusion holds even when the coupling constant exhibits a distribution p( ) among the oscillators. In this case, the shift of the state variable is given by the average¯ = d p( ).
An infinitely long time before synchronization is an unfavorable property in biological systems. In fact, it is unlikely that we would observe anomalous behavior of synchronization when the interaction is time delayed. In this case, with a positive coupling strength , oscillators are absorbed into two clusters with a phase difference equal to the delay time, and complete synchronization is not achieved. 16) Even in this case, the possibility is not excluded that the time reaching the asymptotic state becomes large (though not infinite) for some special values of the interaction strength. Nevertheless, the present numerical simulations and our theoretical analysis have disclosed, for the first time, a curious property of the integrate-and-fire model, which has been studied for almost three decades.
